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Abstract:   

Sub- Riemannian structures naturally occur in different branches of Mathematics in the study of 

constrained systems in classical mechanics, in optimal control, geometric measure theory and differential 

geometry. In this paper, we show that Sub- Riemannian structures on three manifolds locally depend on 

two functions 1 and K of three variables and we investigate how these differential invariants influence 

the geometry.  
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1.  Introduction 

Sub-Riemannian structures naturally occur in different branches of Mathematics in the 

study of constrained systems in classical mechanics, in optimal control, geometric measure 

theory and differential geometry. In the first section,  we deals with some basic definition of the 

concepts and in the second section, we solve the local equivalence problem for sub-Riemannian 

metrics on three manifolds. We obtain the differential invariants distinguishing sub-Riemannian 

structures and we interpret these invariants geometrically. In the third section, deals with the 

homogeneous manifolds and related examples. 

Definition 1.1: A topological M is a manifolds of dim n if  

(i) M is Housdorff  

(ii) M is Second Countable  and  

(iii) M is Locally Euclidean of dim n. 

Definition 1.2: A Co-ordinate chart on M is a pair (U, ), where U  M is open  and                    

: U  (U)   R  is a homomorphism. The set U is called a co-ordinate domain or co-ordinate 

neighbourhood or co-ordinate patch. If (U) is a ball in R , U is called co-ordinate ball. A                   

co-ordinate chart (U, ) is centered at p if (p) = 0. 

 From the Darboux Theorem, we know that every two contact manifolds of the same are 

locally equivalent, Sub-Riemannian structures already have local invariants has been shown in 

[2], when n = 1 there are functions K and the Eigen value of the torsion matrix which do not 

change under the local automorphism of  a Sub-Riemannian structures  on 3- manifolds were 

defined in [1]. 
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In [6] and [8] similar invariants were considered and further generalized to the case of 

contact metric manifolds in [7]. Note that all these invariants coincide when the dimension of a 

manifold is three. 

A sympletic manifold (M, ) is a smooth manifold M together with a smooth, closed, 

non-degenerate 2-form  called the sympletic form. Note that the non-degeneracy condition on 

 requires that M is even –dimensional. A Hamiltonian on M is a smooth function H: M  R to 

every Hamiltonian H on M there is a associated a vector field H on M, defined by the condition 

dH(V) = (V, H),  V  TM. 

2. Sub Riemannian K0 Structures on Manifolds 

 We define the K- structures that completely characterizes the Sub Riemannian structures. 

 Given an n-dimensional manifold M, every local coframing  = {
1
, 

2
,….. 

n
} on           

U  M determines a sub- Riemannian structure (D, , ) on U by setting    D = {
1
, 

2
,….. 

n
}  

and  < , > =   

 Conversely, given a Sub-Riemannian structures  (D, < , >) on U, we can always choose a 

local coframing  that satisfies D =  and < , > =  

. Now such a choice of coframing  is not unique for D 

determines 
1
, 

2
,….. 

n
 only upto a  Gl(n – m, R)  action, the quadratic form 

  determines 
1
, 

2
,….. 

m
 only upto  an O(m) action and, 
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furthermore, since < , > =  , we may add arbitrary multiples 

of the forms 
m+1

,…..., 
n
 to each 

i
  for 1  i  m. 

 Let us say a coframing  = (
1
, 

2
,….. 

n
 ) is O-adopted coframes of (M, D, <, >) forms 

a K0-structure B0  M, where the structure group is  

. 

Now specifying the sub-Riemannian structure (D, < , >) on M is equivalent to specifying 

the K0-structure. In particular sub-Riemannian structures are locally equivalent if and only if 

their corresponding K0-structures are locally equivalent. 

 The sub-Riemannian manifold (M, D, < , >) is said to be complete  if M is complete with 

respect to the metric d. The next proposition gives useful equivalent criterion for completeness. 

Its proof follows from general topology and will be omitted.  

Proposition 2.1:  The following are equivalent: 

(i)  (M, D, < , >) is complete. 

(ii) The closed balls are compact. 

(iii) There is a nested sequence {Kn} of compact sets with  such that if qn 

 Kn then d(P, qn)  . 

(iv) Every D - curve that leaves every compact set has definite length. 

Proposition 2.2: There exists a complete sub-Riemannian manifolds that has a non-complete 

associated Riemannian metric. 



             IJESR        Volume 4, Issue 2        ISSN: 2347-6532 
__________________________________________________________  

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Engineering & Scientific Research 
http://www.ijmra.us 

 
24 

February 
2016 

Proof: Let us consider M = R3
 with the sub-Riemannian structure defined by     

   

                   ,  

where (r, , z) are cylindrical co-ordinates  on  R3
. Set  = .  

Observe that   d  = - rdz  dr  d   0; therefore D is a contact distribution. The associated 

Riemannian metric < , > +
2
 is not complete. Let 0 be the curve described by (r, , z) = (0, 0, t). 

Its length in the metric < , > +
2
 is equal to the integral over the positive t-axis of . 

Therefore 0 is a curve that leaves every compact set but has finite length. 

 On the other hand, we claim that < , > is complete. First observe that if    (t) = (r(t), (t), 

z(t)) is a D - curve that leaves every compact set but stays bounded in z, i.e. z(t)   z0, then the 

length of 
 
 is  

  

   

    . 

Because  leaves every compact set, , and therefore  has infinite length.  

To show that the D– curves that escape every z-bound have infinite length, we will find another 

associated Riemannian metric < , >R for which < , > R   dz
2
.           
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Set  < , >R = < , > , where 1 and 2  are continuous 

functions. 

We can easily verify that the quadratic form < , >R – dz
2
 is non –negative. 

Therefore, every curve that escapes every z-bound has infinite length with respect to < , >R and 

thus  (M, D, < , >) is complete. 

3.   Reduction of the K0-Structure for the 3-dimensional Case: 

 For sub-Riemannian three-manifolds, we show how reduce the structure group to the 

group O(2). As a consequence, we see that two sun-Riemannian structures on a three-manifold 

M
3
 are equivalent if and only if a canonical cofrmaing on a certain S

1
-bundle B2 M

3
 is 

preserved. 

 If  (M, D, < , >) is a 3-dimensional sub – Riemannian manifold, then the bracket 

generating distribution D is necessarily a contact distribution, and so every O-adopted coframing 

 = (
1
, 

2
, 

3
) satisfies 

3
  d

3
  0. The structure group for the O-adopted coframes is    

, 

 and the structure equations d  = -    + T    are in this case. 

 We can modify, ,   and  so as to absorb the first two columns of T, and we can modify 

 so as to absorb the top two entries  of the last column of T , cannot possibly 

be absorbed since D is a contact distribution. Thus the structure equations can be written as 
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The choice of pseudo – connection    =     

for which the structure equations are of the above form is not unique, for we may add arbitrary 

multiples of 
3
 to ,  and . 

This equation  implies , and taking the exterior derivatives of both 

sides gives. 

Thus the structure equation can be written as   

  ---- (i) 

where we have set  and  .  Now the choice of pseudo-

connection is unique, for    = 0 if and only if  = 0. By differentiating the structure equation 

(i), we get 

 

  

 

 

Proposition 3.1: The functions   and K0 are well defined on M
3
. 
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Proof:  By equations (ii) and (iii) to compute that the exterior derivative of   is equal to 

zero modulo the semi-basic one forms , from which it follows that   is well defined 

on M
3
. Similarly, if we differentiate both sides of equation (iv) and then sedge with , we find 

that dK0 is equal to zero modulo  

Theorem 3.2: Let (M
3
, D, < , >) be a sub-Riemannian manifold, and let [p] be a point in the leaf 

space N. As p moves along the fiber  with unit speed the corresponding inner product    

(< , >N)p on T[p]N defines a curve in S[p] whose speed is   . 

Proof: Choose coordinates as above so that [p] = (0, 0). Now the fiber is the set {(0, 0, z)   

z R} and the metric space  on the fiber is just dz. The curve in S[p] corresponding to the unit 

speed curve (t) = (0, 0, t) in the fiber is  

 

The squared speed of this curve with respect to the Poincare metric is equal to .  

The Lie derivative  in the V direction is easily seen to be equal to  

. 

On the other hand, in adopted coordinates, the Lie derivative in the direction  is 

equal to Ezdx
2
 + 2Fz dxdy + Gzdy

2
. Because the area form  is equal to dx  dy, it 

follows that  
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and therefore the speed of the curve is equal to . 

Proposition 3.3: Let (M
3
, D, < , >) be a amenable. The induced inner product       (< , >N)p on 

T[p]N gives a well defined metric on N if and only if   = 0. In this case, the Gaussian 

Curvature of N is equal to K0. 

Proof: The first statement follows from theorem 3.3.2. To compute the curvature of N with the 

metric < , >N, we choose a local section : W  M
3
 for some suitably small neighbourhood W  

N, and consider the pull back bundle 
-1B2 over W. If   = (

1
, 

2
, 

3
) is any 2-adopted 

coframing then ( *
1
, *

2
) is an orthonormal coframing of W. Because 

3
 is uniquely 

determined, the bundle F0 of orthonormal coframes for W can be identified with 
-1B2. 

 With this identification, we let ( , 1) be the map from F0 to B2 that sends a point ([p], p) 

in F0 to the point ( [p], p) in  
-1B2.  

 Unwinding definitions, it is clear that the pull – backs ( , 1)*
1
 and            ( , 1)*

2
 are 

the tautological one – forms on F0. Now imply that ( , 1)*  is the connection form on F0 and 

therefore ( , 1)*K0 = *K0 is the Gaussian curvature of N. 

4.  The Homogeneous Manifolds: 

The homogeneous sub-Riemannian manifolds are those for which the group automorphisms of 

the reduced K-structure acts transitively. 

Theorem 4.1: The homogeneous manifolds can be classified as follows: 

1) 1 = 2 = 0 

2) 2 = 0 and 3 = 1 

3) 1 = 0 and 3 = - 1, where 1 is positive. 

Proof: We consider the following cases. 

Case (1): 1 = 2 = 0 
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Here the structure equations are  

     

and so for the algebra g of M is determined by the signs of the diagonal entries of the matrix of 

the structure constants  

    C = . 

(i)   If 3  1, so that the diagonal entries are all positive, then g = SO(3). Here the manifold is 

SO(3) with the sub-Riemannian structure D = (
3
)  and 

D, where  is the standard coframing satisfying  

 

(ii)  If 3 = 1, then g is the Lie algebra of E(2), the group of rigid motions of the Euclidean plane 

. A specific example is given by the sub- Riemannian structure on R2
 x S

1
, with coordinates (x, y, 

), induced by the coframing 

  

 

 

Case (2): 2 = 0 and 3 = 1. 

In this case, the structure equations are  
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The Lie algebra is determined by the sign of the determinant   of a certain 2 x 2 block 

of the symmetric matrix  . 

(i)  If , then it is easily verified that this case is given by the sub- Riemannian 

structure on R3
 induced by the coframing  

  

  

, 

where   

(ii) If , then it is easily verified that this case is given by the sub – Riemannian 

structure on R3
. 

Case (3):  1 = 0 and 3 = - 1. 

It is easy to prove, hence the proof is omitted. 
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